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Abstract. The investigated model is a mathematical model in which operating
power, installed power, power flows between nodes in electric power system
(EPS) are optimized for the last year of the calculation period. The model is
static, multinodal and it is represented as a large dimension linear programming
problem. The aim of this study is analysis of the relationships between dual
variables as the nodal and line prices.

Keywords: Electric Power System (EPS), primal and dual linear programming
problems, nodal prices, dual variables.

1 Introduction

In our paper we study a model which describes the development of Electric Power
System (EPS) in a long term period. From mathematical point of view the model is
represented by a linear programming problem. The model is static. The statistic for-
mulation have been used in Melentiev Energy Systems Institute SB RAS for 20 years.
It showed itself to good advantage.

There is Kirchhoff’s first law in the model, but there is no Kirchhoff’s second law. It
is due to the fact that the model is advanced. For this reason reactive energy is not
considered.

The problem has been successfully used for a quite long period of time [2]. In 2011 a
market version of the model was created and tested on real data from central Russia [5].
A necessity of investigation of power interstate connections caused a preliminary re-
search performed in [1], where only the primal model was used. The aim of this paper
consists in deriving the dual formulation and providing some interpretation of dual
variables.

2 Description of the Model

To describe the model we need first to describe sets, parameters, variables, objective
function and constraints.
Sets:
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J — set of nodes;

I — set of types of stations;

S — set of seasons (winter, spring, summer, autumn);

T — set of hours in days (0-23);

RCS — set of seasons, in which an annual maximum load is achieved;

QsCT — set of time intervals, in which an annual maximum load in season s€S is
achieved.

Node parameters:

y?i and ¥;; — initial and maximum installed powers of station of type ¢€I in node
Jjes;
:vgist and T — minimum and maximum allowable operating powers of station of

type i€l in node j€J in hour t€T of season s€.S;

v;; — unit variable costs of station of type i€/ in node j€.J;

kj; and bj; — relative capital investments and unit fixed costs of station of type i€l
in node j€J;

Dj — consumer load in node j€J in hour t€T" of season s€S.

Line parameters:

kjj and B3;;; — relative capital investments and unit fixed costs for new and developing
lines between nodes 7 and j';

G;; — maximum power line capacity between nodes jeJ and j'€J;

mj; — unit line losses between nodes je.J and j'eJ.

Other parameters:

€ — power reserve ratio (i.e. this is a power reserve coefficient for stations repair, emer-
gency situations and etc.);

¥ (1) — equivalent number of working days (holidays) in season s€S (i.e. such a
number of days which when multiplied by season maximum load results in electrical

energy consumption equal to an accepted season value);

f — capital recovery factor (CRF), f = &1:)71\’)4)1:, where p — discount rate, M —

number of years, in which the capital is returned.

Capital recovery factor is calculated on the condition of capital recovery in equal parts
G during M years with discount rate p.

Node variables:

y;; — installed power of station of type i€l in node jeJ;

x}”ist(m?ist) — operating power of station of type ¢€I in node j€J in hour t€T of season
s€S on working days (holidays).

Line variables:

a;j» — power line capacity between nodes jeJ and j'€J;

uf g (W) ;i) — operating power flow in the set from node j€J to node j'€J (from
node j'€J to node j€J) in hour t€T of season s€S on working days;

u?j/st(u?,jst) — operating power flow in the set from node j€J to node j'€J (from
node j'€J to node j€J) in hour t€T of season s€S on holidays;

Ujjrst(Ujrjst) — "emergency” power flow in the set from node j€J to node j'€J (from
node j'€J to node j€J) in hour t€Q; of season s€R.
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The objective function:
The objective function is a function of the total costs of the whole EPS and it has the
form of:

SN i + > > D> ol (1)

j€J i€l ses teT jeJ iel ses teT
FED Y kilyi — v + YD byt (2)
jeJ iel jed el
DD gy —af) + 3 Y Byjragy — min (3)
Jj€J j'eg JjEJ jled
i'>j 3>

The components of the objective function are total (annual) costs for operating pow-
er (1), costs for introduction of new capacities and fixed costs for its maintenance (2),
costs for line capacity development and corresponding fixed costs (3).

Constraints:

On electric power station development:

y?i <Yji <Yji, JEJ, i€l . (4)
On power line development:
aly < ajy <ajp, jed, jled j>J. (5)

On operating power on working days and holidays respectively:

x?istgxyistgfjist, jed, i€l, seS, teT; (6)
20 S @l < Tjir, JEJ, i€, €S, teT . (7)

On flows in power lines on working days and holidays respectively:

0 <ufyy <ajy, jeJ, jeJ, j'#J, seS, teT; (8)
0<ulyy, <ajp, jeJ, j'e€d, j#J, s€S, teT . (9)

On "emergency” flows in power lines:
0 < ajj’st < Qg4 j€J, leJ, j/7é<]a SERa tGQs . (10)

On operating power balance of power stations on working days and holidays (it is based
on Kirchhoff’s first law):

Zx}"ist— Z UG st Z uy i (L=mj;)=Djs, j€J, s€S, teT; (11)

iel j'eJ j'eJ
J'#3 3'#3
h h h ‘
ijist* Z Ujjrstt Z ujjt(1=mjr5)=Djse, jE€J, s€S, teT . (12)
il j'eJ j'ed

3'#j 3’3
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On installed power in peak load hours:

Zyji - Z Ujjrst + Z Ujrjst(1 —mj05) > Djsp + € Djsy, (13)
iel j'eJ j'eJ
3’3 J'#i
jed, seR, teQs .

The mathematical model is a linear programming problem. One needs to find a mini-
mum of the objective function (1)—(3) with the constraints (4)—(13).

3 The Dual Problem

We derive the dual problem using technique from [7] based on the Lagrange function
for problem (1)—(13). First, a part of Lagrange function, corresponding to considered
group of constraints, is written. Then, the resulting constraint will be converted by
rearrangement of the summands.

Dual function consists of several parts. The dual part corresponding to constraints on
electric power station development, left part of constraints (4), dual variables §ji:

Z Zéji(y?i —Yji) = Z Z [—ﬁji} Yji + Z Zgﬂy?z . (14)
jeJ i€l jeJ i€l jeJ i€l

The dual part corresponding to constraints on electric power station development, right
part of constraints (4), dual variables £ ;:

Do il — T = DD Eii— DD & - (15)
jedJ iel jeJ iel jeJ iel

The dual part corresponding to constraints on power line development, left part of

constraints (5), dual variables Vi

0 _ - 0
oD vplady —ag) = [yl agy + ) vl (16)
JEJ j'ed JEJ j'ed jeJ j'eg
J'>j 3'>j i'>j

The dual part corresponding to constraints on power line development, right part of
constraints (5), dual variables 7;;:

YOS Tilagy — @) =YY Uiy — > > it (17)
jeJ j'eJ je€d j'eg Jj€J j'ed
> J'>i J'>i

The dual part corresponding to minimum power loading on working days, left part of
constraints (6), dual variable H;'Vist:

> > 17 (@it — Tiat) = (18)

jeJ i€l seSteT
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S0 303 I LT ESFED D5 D) B DI W

jeJ iel seSteT jeJ iel seSteT

The dual part corresponding to maximum power loading on working days, right part
of constraints (6), dual variables 7i;;:

Z Z Z Z ﬁ;’vist (x“ﬂlst - fjist) - (]_9)

jEJ i€l s€StET
— —W w —W =
= E E E E Mjistxjist_i E E E HjistTjist -
jeJ i€l seSteT jeJ i€l seSteT

The dual part corresponding to minimum power loading on holidays, left part of con-
straints (7), dual variable H;lis .

Z Z Z Z H;list (x?ist - x?ist) = (20)

jEJ i€l s€StET
_ h h h .0
=D ID DD I) DI CT D B D D) DIt
jEJ i€l s€StET jEJ i€l s€SteT

The dual part corresponding to maximum power loading on holidays, right part of
constraints (7), dual variables ﬁ?ist:

DD 2D At (i — Tjist) = (21)

jeJ i€l seSteT
— —h h —h =h
= Z Z Z Z HjistTjist — Z Z § : § :“jist%st :
jEJ i€l seSteT jEJ i€l seSteT

The dual part corresponding to constraints on flows in power lines on working days,
left part of constraints (8), dual variables lzvj’st:

SN ] e (22)

jeJ j'egseSteT
3'#i
The dual part corresponding to constraints on flows in power lines on working days,
right part of constraints (8), dual variables 77/,

Z Z Z Ziyj’st(uyj’st —ajj) = (23)

JEJ j'c T sESLET

J'#i
p— W W —W
*E E E E ’ij/stujj/st*E E E E Vi stAigt -
je€J j'eJseSteT je€J j'egseSteT
3'#i J'#i

The dual part corresponding to constraints on flows in power lines on holidays, left
part of constraints (9), dual variables l;‘j,st:

S e (24)

JEJ j'eJ sES tET
3'#i
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The dual part corresponding to constraints on flows in power lines on holidays, right
part of constraints (9), dual variables ig‘j,st:

DD sy —ajy) = (25)

JE€J j'eJs€ESLET

J'#3
_ ~h h _h
= Z Z Z Z%‘j'st“jj/st - Z Z ZZvjystw :
je€J j'eJseSteT jeJ j'egseSteT
J'#3 J'#d

The dual part corresponding to constraints on ”emergency” flows in power lines, left
part of constraints (10), dual variables Mgt

DI {—ij,st} Ujjrst - (26)

JEJ j'eJ sERLEQS
i'#i

The dual part corresponding to constraints on ”emergency” flows in power lines, right
part of constraints (10), dual variables 77,

YD D Mipalgis —ajy) = (27)

JE€J j'eJ sERtEQs

J'#i
=222 D Tigrsdlagst = 2 D0 D D Mygranti -
JEJ j'eJ sERtEQ; JE€J j'eJ sERLEQ;
i'# ' #i

The dual part corresponding to constraints on operating power balance of power sta-
tions on working days (11), dual variables AJ;:

SN D S ala = D wa + D> u (I —m) — D [ = (28)

jEJ s€SteT i€l jed j'ed
J'#i J'#i
_ w w w W
= E E E )‘jstE Tjist — E E E E ( jst_(l_ﬂj/J)Aj’st)x
jE€J s€S teT iel jEJ j'eJ sEStET
J'#i
W W
xujj,stf E E E DjStAjst .
jE€J sES tET

The dual part corresponding to constraints on operating power balance of power sta-
tions on holidays (12), dual variables Ab,:

Z Z Z Al;st Zm?ist - Z u?j’st + Z u?’jst(l - Wj/j) - DJSt = (29)

jEJ sEStET iel j'eJ j'eJ
J'#i J'#i
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= Z Z Z)\JSt ZxﬂSt Z Z Z Z )‘?st Trj'j))\?’st)x

je€J s€SteT icl Jj€J j'eJseSteT
J'#i
Xujj/bt E E E Djét)\Jét .
JjEJ sEStET

The dual part corresponding to constraints on installed power in peak load hours (13),
dual variables o0j4;:

Z Z Z Ojst (Djst+€'Djst— Zyji“" Z Ujjrst— Z Ujrjst X (30)

JEJ SERLEQs el jeJ jleJ
i'#3 J'#3
X (1= ) D> o d vt 2D 2 D (e
jeJ sERtEQs iel JEJ j'eJ sERLEQS
o
J'#J

~(1 = mjr)ojrse)Uygrse + ) > > st (Djse + D)
JEJ sSERtEQS
Thus, the dual Lagrange function consists of the following components: the objective
function (1)—(3), the dual parts corresponding to all constraints of the problem, (14)-
(30).
The dual Lagrange function is the following:

O A" 0, & &, v, o, ™ 1Y, ™ 1 Y Y A A ) = (31)
= miI,l‘, {L(I7y’ u7a7a’ AVV7A 7U,§7£,Z7ﬁ7uw7ﬁw7/’Lh7ﬁh7’yw’iw7’yh7
T,Y,u,U,a - - - - -
Wh,ﬂ,ﬁ)} O1(A N 0, &, & v, o, ™ 1 1 Y A A A )+
h w —w h —h

+82(>‘W7)‘h707§7£azvvaﬁwaﬁw7ﬁh7ﬁ ) Y Y Y 7ﬂaﬁ)7

where

Ql(Awa )‘ha Uvéa 5725 v, vaﬁwaﬁh7ﬁha7W77W’1h77h5ﬂ7ﬁ) = (32)

- e A S - g

jeJ iel seSteT

+ZZZZ T Yji — ]St ’u]zst +/1'J15t) ?i5t+

JjeJ 1€l seSteT

+Y D (fhitbii—Y > oje— £+ &yt

jeJ el SERtEQs
- =W =h
+ E E (frjj + Bjjr — vy + Vg — E E Vijrst E E Yjjrst—
Jje€J j'ed seSteT seSteT
i'>3
W
=D D s D D0 DD (W = Al = mjeg) = 37, +
sERtEQ, JEJ j'eJs€StET

3'#j
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5 st) Ujjrst + Z Z Z Z )\JSt J rst(L—mjrj) — st +7 ,YJJ rst) ?j’st"i'

Jj€J j'eJseStLeT
i'#i

D D> D (s — oL =) =, +77jj'st)ajj’5t}’

JEJ j'eJ sERtEQS
J'#j

92()‘Wa )‘ha U7§u 5727 §7 vaﬁwaHhuﬁh7lwvﬁw7lhvﬁhaﬂ7ﬁ) = (33)

_ w ) h .
- E E E :/\jstDJst+§ E E AjstDJSt_F
jEJ s€SteT JjEJ s€SteT
0 _
DD 2 G Dia(l 4+ 3> &= > > &b
je€J seRteQ;, jeJ iel jeJ iel
0 0 - =
—f 2D kit DD gy = D Y Vi
jed el jed j'ed j€d j'ed
3> 3>
_f .0 4 w o _ —W o 4
Kjjr @y Hjistxjist HijistTjist
JjeJ j'ed j€J i€l seSteT jeJ iel seSteT
ey
7>y

+ Z Z Z Z H?istxgist* Z Z Z Z ﬁ?istfjist .

jeJ il seSteT jeJ i€l seSteT

To get the dual problem expressions-cofactors before every primal variable could be ze-
ro. Thus one get constraints of the dual problem. The remaining part without variables
is an objective function of the dual problem. Also conditions for the nonnegativity are
written. As a result we get the following representation of the dual problem:

Z Z Z AjstDjst + Z Z Z N Djst+ (34)

JjEJ sES tET JEJ seSteT

DD D DLt )+ Y &l =D Y &y
JjEJ SERLEQ, jeJ i€l jeJiel
—FYOD kA Y vl =YY iy
jeJ iel JE€J j'eJ Jj€J j'eg
3> 3>
SPIPIVTIED 33 3) SLAEIED 92 DLt
37 Ejist™ s gistJrs
jed j'eg jeJiel seSteT jeJiel seSteT
i'>3i
DD D e = DD DD e Tyise — min,

jeJ i€l seSteT jeJ i€l seSteT
Ty Vji — Ajst — W + 0y =0, jeJ, iel, seS, teT; (35)

T Ujl A + H’jzst 07 je‘]a ’LEI; SGS, tET, (36)

jst jzst

Fhii+bi=> > oju— £, +Ei=0, jeJ, el (37)

SERtEQ
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_ - L
Phig + Bigr = Vg + Vi = DD Wt = D D Vst ™ (38)
seSteT seSteT
NN =0, jed, jed, j>J, seS, tel;
SERLEQ,

w

jst )‘;V’st(l - Trj'j) - lyjlst +7;‘Vj’st =0, (39)

jed, j'ed, j'#J, seS, teT;

)‘?st - )‘?/st(l - 7Tj/j) - l;lj/st + W?j/st =0, (40)
jed, j'ed, j'#J, scS, teT;
Tjst = Ogrst(1 = Tji) =15, +Tjgese = 0, (41)

jed, j'ed, j'#J, seR, teQs;
ojst >0, jeJ, seR, teQs, (42)
£,,>0, &;;>0, jeJ, ie€l, (43)

v; >0, 7;p>0, jed, jed, j > (44)
(45)

(46)

pv>0, mY¥>0, wp">0, @">0,  jeJ, iel, seS, teT, 45
w —W h —h
YigrseZ0 VigrstZ0r o 25y 200 Vjgrsr 20, 46
jed, j'ed, j'#j, seS, tel,
0020 Mjjrse =0, jed, j'ed, j'#j, s€S, teT . (47)
4 Example

To give an interpretation of the above approach we consider an illustrative example.
The network consists of three nodes: J = {"Volga”,” Center”,” South”}. There are
two periods of time: T = {0,1}. Period 0 is a peak period. Assume that f=0.02,
7=0.025, e=0.1. There are connections between the lines (”Volga” — ”Center”, ” Cen-
ter” —”South”, ”South” —”Volga”). The node and lines parameters of the model are
presented in Tab. 1-2. The values of the primal and dual variables are presented in
Tab. 3-6.

Table 1. The node parameters Y, Yjs Kjs by, vje, Dij

Node, j Y, U k; b, V50 vj1 Djo Dj
Volga 10 100 500 30 640 960 120 50
Center 12 120 200 17 1536 1600 100 90
South 20 200 350 21 1280 1408 100 45

It is shown in [3,4] that the dual variables corresponding to every constraint in the
primal problem have a certain conceptual meaning. Let us consider some of the most
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Table 2. Lines parameters a;;/, /7, B;;/

Connection Ejj/ Kjjt ﬂjj/

Volga — Center 35 200 50

Center — South 50 190 76

South — Volga 78 180 91

Table 3. The values of primal variables z;;, y; and dual variables By Ajt, Ojt, Ej

Node, 7 wjo  xjn Fjo Hj1 Ajo Ajt a0 &
Volga 100 100 100 857.6  412.80 1497.60 1372.80 20.48  1250.88
Center 23.22 7.13 5443 0 0 1536 1600 21 0
South 200 80.38 200 85.56 0 1365.56 1408 19.96  77.52

Table 4. The values of primal variables u;;/, and dual variables Ve Vigt

Flow

Ujjro Uigr Niag o Do Yago Vi
Volga — Center 28.75 35 0 0 0 187.2
Center — Volga 0 0 75.84  261.52 0 0
Center — South 0 0 204.58 2272 O 0
South — Center 50 50 0 0 132.04 152
South — Volga 50 0 0 69.52  94.6 0
Volga — South 0 15 166.18 0 0 0

Table 5. The values of primal variables %,/ and dual variables Niine

Flow Ujj'0

Volga — Center 7
Center — Volga 0
Center — South 0
South — Center 50
South — Volga 40
Volga — South 0

ﬂjj’O M50
0 0
1.04 0
1.54 0
0 0.51
0 0
0 0

Table 6. The values of primal variables a,;; and dual variables 7, ;s

Connection ajj Uy
Volga — Center 35 133.20
Center — South 50 204.75
South — Volga 50 0

important of them.

615

First, it is necessary to say about the dual variables A;;. They are nodal prices. These
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prices vary in time. The concept of nodal prices is well studied. In the very beginning
the nodal prices were proposed and developed by Schweppe and his collaborators in [6].
For this example the equations (35)—(36) are wrote in the following form:

v = Nji — Koyt e = 0. (48)

Substitute the value of primal and the dual variables in the equation (48):
Node ”Volga” at 0 and 1 hours respectively:

640 — 1497.60 + 857.60 = 0;
960 — 1372.80 +412.8 =0 .

Node ”Center” at 0 and 1 hours respectively:

1536 — 1536 = 0;
1600 — 1600 =0 .

Node ”South” at 0 and 1 hours respectively:

1280 — 1365.56 + 85.56 = 0;
1408 — 1408 =0 .

The prices in the node ”Volga” at 0 and 1 hours are higher than unit variable costs.
Producers get producer surplus: 857.60 at 0 hour and 412.80 at 1 hour per unit. Also
producers get producer surplus in the node ”South” at 0 hour and it equals 85.56 per
unit. In the node ”"Center” at 0 and 1 hours, in the node ”South” at 1 hour there is no
producer surplus, the electricity hour price equals unit variable costs.

Now we consider equations (39)—(40). They are wrote in the following form:

)\jt — )\j’t(]- —7'(') -

Substitute the value of primal and the dual variables in the equation (49):
Flow from the node ”Volga” to the node ”Center” at 0 and 1 hours:

1497.60 — 1536(1 — 0.025) = 0;
1372.80 — 1600(1 — 0.025) =0 .

Flow from the node ”South” to the node ”Center” at 0 and 1 hours:

1365.56 — 1536(1 — 0.025) + 132.04 = 0;
1408 — 1600(1 — 0.025) + 152 =0 .

Flow from the node ”South” to the node ”Volga” at 0 hours:
1365.56 — 1497.60(1 — 0.025) + 94.60 =0 .
Flow from the node ”Volga” to the node ”"South” at 1 hours:

1372.80 — 1408(1 — 0.025) =0 .
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We can see that the price in the node where power come is higher than the price in
another node for the value of line losses. Moreover, if the line is used on maximum ca-
pacity the consumer pays for the line. When transferring power from the node ” South”
to the node ”Center” the consumers pay 132.04 at 0 hour and 152 at 1 hour per unit
for the use of line.

5 Conclusion

In conclusion it is possible to state the following:

1. The dual variables corresponding to constraints on the operating power balance of
power stations (11)—(12) are electricity hour prices in the model. These electricity
hour prices take into account line losses, and use of maximum line capacity.

2. More effective producers will get consumer surplus, which is defined by the dual
variables corresponding to the operating power 7i;;;. Also it is necessary to point
that consumers don’t compensate fixed costs of power plants.

3. The example in this paper has small dimension and it is illustrative. It is necessary
to point that there was solved model of large dimension for the central part of
Russia, which united five regions: the North-West, Central, Volga, South and Ural.
Also there are 24 hour in a day, 4 seasons, working days and holidays, peak hours
in the model. The model not inclusive in this paper because of large dimension.
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