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Abstract. We introduce an extension of the n-ary description logic DLTR to deal
with attribute-labelled tuples (generalising the positional notation), with arbitrary
projections of relations (inclusion dependencies), generic functional dependen-
cies and with global and local objectification (reifying relations or their projec-
tions). We show how a simple syntactic condition on the appearance of projec-
tions and functional dependencies in a knowledge base makes the language de-
cidable without increasing the computational complexity of the basic DLR lan-
guage.

1 Introduction

We introduce in this paper the language DLR ™ which extends the n-ary description
logics DLR [Calvanese et al., 1998; Baader er al., 2003] and DERifd [Calvanese et
al., 2001] as follows:

— the semantics is based on attribute-labelled tuples: an element of a tuple is identi-
fied by an attribute and not by its position in the tuple, e.g., the relation Person
has attributes firstname, lastname, age, height with instance:
< firstname: Enrico, lastname: Franconi, age: 53, height:
1.90);

— renaming of attributes is possible, e.g., to recover the positional semantics:
firstname, lastname, age,height & 1,2, 3, 4;

— it can express projections of relations, and therefore inclusion dependencies, e.g.,
J[firstname, lastname]|Student C I[firstname, lastname]Person;

— it can express multiple-attribute cardinalities, and therefore functional dependen-
cies and multiple-attribute keys, e.g., the functional dependency from firstname,
lastname to age in Person can be written as:

J[firstname, lastname|Person C
IS![firstname, lastname|(I[firstname, lastname, age]Person);

— it can express global and local objectification (also known as reification): a tuple
may be identified by a unique global identifier, or by an identifier which is unique
only within the interpretation of a relation, e.g., to identify the name of a person we
can write Name C () I[firstname, lastname]Person.

We show how a simple syntactic condition on the appearance of projections in the
knowledge base makes the language decidable without increasing the computational
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Fig. 2. The signature of DLR™ relations.

complexity of the basic DLR language. We call DLR™ this fragment of DLR™.
DLRE is able to correctly express the UML fragment as introduced in [Berardi et
al., 2005; Artale et al., 2007] and the ORM fragment as introduced in [Franconi and
Mosca, 20131].

2 Syntax of the Description Logic DLR "

We first define the syntax of the language DLR™. A signature in DLR ™ is a triple
L = (C,R,U, ) consisting of a finite set C of concept names (denoted by CN), a finite
set R of relation names (denoted by RIV) disjoint from C, and a finite set U of attributes
(denoted by U), and a relation signature function 7 associating a set of attributes to each
relation name, 7(RN) = {Uy,...,U,} € U withn > 2.

The syntax of concepts C, relations R, formulas ¢, and attribute renaming axioms )
is defined in Figure 1, where g is a positive integer and 2 < k < ARITY(R). We extend
the signature function 7 to arbitrary relations as specified in Figure 2. We define the
ARITY of a relation R as the number of the attributes in its signature, namely |7(R)|.

A DLRY TBox T is a finite set of formulas, i.e., concept inclusion axioms of the

form C; © Cs and relation inclusion axioms of the form Ry T Rs.
A renaming schema induces an equivalence relation (3>,2/) over the attributes U, pro-
viding a partition of I/ into equivalence classes each one representing the alternative
ways to name attributes. We write [U]x to denote the equivalence class of the at-
tribute U w.r.t. the equivalence relation (3>, U). We allow only well founded renaming
schemas, namely schemas such that each equivalence class [U]g in the induced equiv-
alence relation never contains two attributes from the same relation signature. In the
following we use the shortcut Uy ... U,, & Uj ... U/, to group many renaming axioms,
with the obvious meaning that U; & U/, foralli = 1,...,n.



ADLR" knowledge base KB = (T, R) is composed by a TBox 7 and a renaming
schema R.

The renaming schema reconciles the attribute and the positional perspectives on re-
lations (see also the similar perspectives in relational databases [Abiteboul er al., 1995]).
They are crucial when expressing both inclusion axioms and operators (m1, L, \)
between relations, which make sense only over union compatible relations. Two re-
lations R;, Ry are union compatible if their signatures are equal up to the attribute
renaming induced by the renaming schema R, namely, 7(Ry) = {Ui,...,U,} and
T(Rg) = {V4,...,V,} have the same arity n and [U;]p = [V;]n foreach 1 < i < n.
Notice that, thanks to the renaming schema, relations can use just local attribute names
that can then be renamed when composing relations. Also note that it is obviously pos-
sible for the same attribute to appear in the signature of different relations.

To show the expressive power of the language, let us consider the following example
with tree relation names R, R and R3 with the following signature:

T(Rl) = {U15U27U3aU47U5}
T(RQ) = {‘/17‘/27‘/37‘/21"/5}
T(Rd) = {W17W27W37W4}

To state that {Uy, Us} is the multi-attribute key of Ry we add the axiom:
3[Uy, Us|Ry € 35U, Us )Ry

where 3[Uy, . .., U] R stands for 321[Uy, ..., Ug]R. To express that there is a func-
tional dependency from the attributes {V3, V4} to the attribute {V5} of Ry we add the
axiom:

3[Vs, ValRe = 351 [V3, Va] (3[V3, Vi, V5] Ro) )]

The following axioms express that Ry is a sub-relation of R; and that a projection of
R3 is a sub-relation of a projection of 1, together with the corresponding axioms for
the renaming schema to explicitly specify the correspondences between the attributes
of the two inclusion dependencies:

RoE Ry
I[Wy, W, W5]Rs € 3[Us, Uy, Us| Ry
ViVoVaVy Vs & U1 UUsUL U5
WiWoW3 & UsUuUs

3 Semantics

The semantics makes use of the notion of labelled tuples over a domain set A: a U-
labelled tuple over A is a function t: U — A. For U € U, we write ¢[U] to refer
to the domain element d € A labelled by U, if the function ¢ is defined for U — that
is, if the attribute U is a label of the tuple t. Given dy,...,d, € A, the expression
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Fig. 3. Semantics of DLR™ expressions.

(Uy: dq,...,Uy,: dy,) stands for the U-labelled tuple ¢t over A (tuple, for short) such
that t[U;] = d;, for 1 < 1 < n. We write t[U1, ..., U] to denote the projection of the

tuple ¢ over the attributes Uy, . .., Uy, namely the function ¢ restricted to be undefined
for the labels not in Uy, . .., Ug. The set of all I/-labelled tuples over A is denoted by
Tald).

A DLRY interpretation, T = (A, L, p,1,LrN,, LNy, - - -)> consists of a nonempty
domain A, an interpretation function -*, a renaming function p, a global objectification
function 1, and a family of local objectification functions {gy,, one for each named
relation RN; € R.

The renaming function p for attributes is a total function p : U{ — U represent-
ing a canonical renaming for all attributes. We consider, as a shortcut, the notation
p({UL, ., UL}) = {p(U1); .., p(UL)}.

The global objectification function is an injective function, 2 : TA (i) — A, associating
a unique global identifier to each possible tuple.

The local objectification functions, £ry, : Ta(U) — A, are distinct for each relation
name in the signature, and as the global objectification function they are injective: they
associate an identifier — which is unique only within the interpretation of a relation name
—to each possible tuple.

The interpretation function -~ assigns a set of domain elements to each concept name,
CNT < A, and a set of U-labelled tuples over A to each relation name conforming
with its signature and the renaming function:

T

RN* < Ta({p(U) | U € 7(BN)}).

The interpretation function - is unambiguously extended over concept and relation

expressions as specified in the inductive definition of Fig. 3.



An interpretation Z satisfies a concept inclusion axiom C; © Cy if Cf < C7, it
satisfies a relation inclusion axiom R; = R if R? < RZ, and it satisfies a renaming
schema R if the renaming function p renames the attributes in a consistent way with
respect to R, namely if

VU.p(U) € [Ulp AYV € [Ulp. p(U) = p(V).

An interpretation is a model for a knowledge base (7, R) if it satisfies all the formu-
las in the TBox 7 and it satisfies the renaming schema . We define KB satisfiability as
the problem of deciding the existence of a model of a given knowledge base, concept
satisfiability (resp. relation satisfiability) as the problem of deciding whether there is
a model of the knowledge base that assigns a non-empty extension to a given concept
(resp. relation), and entailment as the problem to check whether a given knowledge base
logically implies a formula, that is, whenever all the models of the knowledge base are
also models of the formula.

For example, from the knowledge base K3 introduced in the previous Section the fol-
lowing logical implication holds:

KB = 3[Vi, Vo] Ry © 3SHVL, Vo] Ry
i.e., the attributes V7, V5 are a key for the relation Ro.

Proposition 1. The problems of KB satisfiability, concept and relation satisfiability,
and entailment are mutually reducible in DLR™.

DLR™ can express complex inclusion and functional dependencies, for which it is
well known that reasoning is undecidable [Mitchell, 1983; Chandra and Vardi, 1985].
DLR™T also includes the DLR extension DﬁRifd together with unary functional de-
pendencies [Calvanese et al., 2001], which also has been proved to be undecidable.

4 The DLR™ fragment of DLR ™"

Given a DLR™ knowledge base (7, R), we define the projection signature as the set
Z including the signatures 7(RN) of the relations RN € R, the singletons associated
with each attribute name U € U/, and the relation signatures as they appear explicitly in
projection constructs in the relation inclusion axioms of the knowledge base, together
with their implicit occurrences due to the renaming schema:

1. 7(RN)e 7 if RN e R;
2. {UteT ifUel;
3. {Uy,...,Upt e 7 if 33Vq,..., Vx|Re T and {U;,V;} < [U;]n for1<i<k.
We call projection signature graph the directed acyclic graph (D, .7) with the at-
tribute singletons {U} being the sinks. The DLR* fragment of DLR™ allows only for

knowledge bases with a projection signature graph being a multitree, namely the set of
nodes reachable from any node of the projection signature graph should form a tree.



Uy Us

Us Us Uy Us
Uy Uz
{Vl,v2,V3,V4,V5} {V37V4,V5,W4}

Wi Wy W3 Wi Wz W3
Us Uyg Us
Uy Uy { o 5 }
3, Va, Vs Wy
vllvz W W W {wa}
Us Uy \ Us
w” G5 )
L 2 Wi W W3

Fig. 4. The projection signature graph of the example.

Given a relation name RN, the subgraph of the projection signature graph dominated
by RN is a tree where the leaves are all the attributes in 7(RN) and the root is 7(RN).
We call J(y, ... v, ) the tree formed by the nodes in the projection signature graph dom-
inated by the set of attributes {U7, . . ., Uy }. Given two relation signatures (i.e., two sets
of attributes) 71, 72 S U, by PATH 7 (71, 72) we denote the path in (D, .7) between 7,
and 7o, if it exists. Note that PATH & (71, 72) = (& both when a path does not exist and
when 7y € 79, and PATH & is functional in DLRY due to the multitree restriction on
projection signatures. The notation CHILD & (71, 72) means that 75 is a child of 7; in
(>, 7).

In addition to the above multitree condition, the DLRE fragment of DLR™T allows
for knowledge bases with projection constructs 35[Uy, ..., Ug|R (resp. 351[U]R)
with a cardinality ¢ > 1 only if the length of the path PATHo ({U1, ..., U}, 7(R))
(resp. PATHz ({U'}, 7(R))) is 1. This allows to map cardinalities in DLR™ into cardi-
nalities in ALC Q7.

Figure 4 shows that the projection signature graph of the knowledge base introduced
in Section 2 is indeed a multitree. Note that in the figure we have collapsed equivalent
attributes in a unique equivalence class, according to the renaming schema.

DLRZE restricts DLR™ only in the way multiple projections of relations appear
in the knowledge base. It is easy to see that DLR is included in DLR*, since the
projection signature graph of any DLR knowledge base has maximum depth equal to
1. DﬁRifd [Calvanese et al., 2001] together with (unary) functional dependencies is

also included in DLR*, with the proviso that projections of relations in the knowledge
base form a multitree projection signature graph. Since (unary) functional dependencies
are expressed via the inclusions of projections of relations (see, e.g., the functional
dependency (1) in the previous example), by constraining the projection signature graph
to be a multitree, the possibility to build combinations of functional dependencies as the
ones in [Calvanese er al., 2001] leading to undecidability is ruled out. Also note that
DLR™ is able to correctly express the UML fragment as introduced in [Berardi e al.,
2005; Artale et al., 2007] and the ORM fragment as introduced in [Franconi and Mosca,
2013].
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Fig. 5. The ALC QT signature generated by the example.

5 Mapping DLR™ to ALCQOT

We show that reasoning in DLRT is EXPTIME-complete by providing a mapping
from DLR™ knowledge bases to ALC QT knowledge bases; the reverse mapping from
ALC AT knowledge bases to DLR knowledge bases is well known. The proof is based
on the fact that reasoning with ALC Q7 knowledge bases is EXPTIME-complete [Baader
et al., 2003]. We adapt and extend the mapping presented for DLR in [Calvanese et al.,
1998].

In the following we use the shortcut (S10...05,)~ for S, o...0 Sy, the shortcut
3518, 0...08,.C for 351S;.....351S,,.C and the shortcut ¥S; o ... 0 S,.C for
VSi..... V.S,,.C. Note that these shortcuts for the role chain constructor “o” are not
correct in general, but they are correct in the context of the specific ALC Q7 knowledge
bases used in this paper.

Let KB = (T,R) be a DLRE knowledge base. We first rewrite the knowledge
base as follows: for each equivalence class [U]x a single canonical representative of
the class is chosen, and the B3 is consistently rewritten by substituting each attribute
with its canonical representative. After this rewriting, the renaming schema does not
play any role in the mapping.

The mapping function T maps each concept name CN in the DLR* knowledge
base to an ALC QT concept name CN, each relation name RN in the DLRE knowl-
edge base to an ALC QT concept name Apry (its global reification), and each attribute
name U in the DLR* knowledge base to an ALC QT role name, as detailed below.
For each relation name RN the mapping introduces a concept name AlRN and a role
name Qg (to capture the local reification), and a concept name A7} for each pro-
jected signature 7; in the projection signature graph dominated by 7(RN), 7; € 7 (g

(to capture global reifications of the projections of RN). Note that ATRJ(VRN) coincides
with Agy. Furthermore, the mapping introduces a role name (), for each projected
signature 7; in the projection signature, 7; € .7, such that there exists 7; € .7 with
CHILD y(Tj, 7i), i.e., we exclude the case where 7; is one of the roots of the multitree
induced by the projection signature.
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Fig. 6. The mapping for concept and relation expressions.

The mapping -1 applies also to a path. Let 7, 7' € .7 be two generic sets of attributes
such that the function PATH & (7, 7') = 7,71, ..., Tn, 7', then, a path is mapped as fol-
lows:

PATH 7 (1, 7)1 = Q,, 0...0Q;, 0 Q.

Intuitively, the mapping reifies each node in the projection signature graph: the tar-
get ALC QT signature of the example of the previous section is partially presented in
Fig. 5, together with the projection signature graph. Each node is labelled with the
corresponding (global) reification concept (A;%ji)’ for each relation name R; and each
projected signature 7; in the projection signature graph dominated by 7(R;), while the
edges are labelled by the roles (Q),) needed for the reification.

The mapping - is extended to concept and relation expressions as in Figure 6, with
the proviso that whenever PATH & (71, 72 ) returns an empty path then the translation for
the corresponding expression becomes the bottom concept. Note that in DLR™ the car-
dinalities on a path are restricted to the case ¢ = 1 whenever a path is of length greater
than 1, so we still remain within the ALC Q7 description logic when the mapping ap-
plies to cardinalities. So, if we need to express a cardinality constraint 359[U;] R,] with
q > 1, then U; should not be mentioned in any other projection of the relation R in such
a way that [PATH 7 (7(R), {U;})| = 1.

In order to explain the need for the path function in the mapping, notice that a rela-
tion is reified according to the decomposition dictated by projection signature graph it
dominates. Thus, to access an attribute U; of a relation R; it is necessary to follow the
path through the projections that use that attribute. This path is a role chain from the
signature of the relation (the root) to the attribute as returned by the PATH & (7(R;), U;)
function. For example, considering Fig. 5, in order to access the attribute U, of the re-
lation R3 in the expression (or7,.c R3), the path PATH 7 (7(R3), {Us})T is equal to the
role chain Q{U37U4,U5} OQ{U;;,U4} OQ{U4}» so that (O'U4;CR3)T = AR3 ’_‘VQ{U;;,U4,U5} o
Qqus,usy © Quuyy- C.



Similar considerations can be done when mapping cardinalities over relation projec-
tions.

The mapping (KXB) of a DLR™ knowledge base B with a signature (C, R, U, T)
is defined as the following ALC Q7 TBox:

Y(KB) = a5 v U Yret(RN) L U Yiobj (RN') L
RNeR RNeR

|J clcciov |J RicE
C1cC2ekB R1CR2eKB

where

Yag = {Afiv, © —Afy, | N1, RNz € R, 75,75 € T, || = 2,|7| = 2,7 # 7}

Ya(BN) = U {4 =3Q.,. 4%, %Q,.Tc 1}

Ti€Zr(RN) CHILD g (7i,7;)

Yiobj(RN) = {Ary € IQrN. Ay, 32Qrn. T E L,
ALy = 3Q7y- Ary, P2Q7y. T E 1},

Intuitively, 74, ensures that relations with different signatures are disjoint, thus,
e.g., enforcing the union compatibility. The axioms in +,,; introduce classical reification
axioms for each relation and its relevant projections. The axioms in +;,;; make sure that
each local objectification differs form the global one.

Clearly, the size of v(KB) is polynomial in the size of '3 (under the same coding
of the numerical parameters), and thus we are able to state the main result of this paper
(see [Artale and Franconi, 2016] for a complete set of proofs of the Theorem).

Theorem 2. A DLR™ knowledge base KB is satisfiable iff the ALCQT knowledge
base ~(KB) is satisfiable.

As a direct consequence of the above theorem and the fact that DLR is a sublan-
guage of DLR*, we have that

Corollary 3. Reasoning in DLR™ is an EXPTIME-complete problem.
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