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Abstract

Tree automata are often used for satis abilit y testing in the area of
description logics, which usually yields ExpTime complexity results. We
examine conditions under which this result can be improved, and we de-
‘ne two classesof automata, called segmentableand weakly-segmentable
for which emptinesscan be decidedusing spacelogarithmic in the size of
the automaton (and thus polynomial in the size of the input). The use-
fulnessof segmemable automata is demonstrated by reproving the known
PSpace result for satis abilit y of ALC conceptswith respect to acyclic
TBoxes.

1 Intro duction

Tableau-and automata-basedalgorithms are two medanismswhich are widely
used for testing satis ability in description logics (DLs). Aside from consid-
erations regarding implemertation (most of the excient implemertations are
tableau-based)and elegance(tableaus for expressie logics require a blocking
condition to ensuretermination), there is alsoa di®erencebetweenthe complex-
ity resultswhich canbe obtained\naturally”, i.e. without usingtechniqueswith
the solepurposeof remainingin a speci ¢ complexity class. With tableaus,the
natural complexity classis usually NExpTime , e.g. for SHI Q [HSTO0O, BS0]]
or SHI Q(D) [Lut04], although this result is not optimal in the former case.
With automata, one usually obtains an ExpTime result, e.g. for ALC with
generalTBoxes[S94].

Previously, we examined which properties of a NExpTime tableau algo-
rithm make sure that the logic is decidablein ExpTime , and we de ned a
classof tableau algorithms for which an ExpTime automata algorithm can be
automatically derived [BHLWO3]. For ExpTime automata, a frequertly used
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method to obtain a lower complexity classis testing emptinessof the language
acceptedby the automaton on the °y, i.e. without keepingthe ertire automaton
in the memory at the sametime. Examplesfor DLs can be found in [HSTOQ
for SI and in [BNO3] for ALCN . Furthermore, the inverse metha [Vor01]] for
the modal logic K can be regardedas an optimised emptinesstest of the cor-
responding automaton [BTO01], and alsothe \b ottom up" versionof the binary
decision diagram basedsatis abilit y test presened in [PSV0Z canbe considered
as an on-the-°y emptinesstest.

In this paper, our aim is to generalisetheseresults by nding properties of
ExpTime automata algorithms which guarartee that the correspnding logic
can be decidedin PSpace, and to dewlop a framework which can be usedto
automatically obtain PSpace results for new logics.

2 Preliminaries

We will rst de ne the automata which in the following will be usedto decide
the satis ability problem for DLs. These automata operate on in nite k-ary
trees, for which the root node is identi ed by " and the i-th successobf a node
nisidentied by n¢i for 1- i - k. Thus, the setof all nodesis f1;:::;kg",
and in the caseof labelled trees, we will refer to the labelling of the node n in
the treet by t(n).

The following de nition of automata does not include an alphabet for la-
belling the tree nodes,becausdn order to decidethe emptinessproblem, we are
only interestedin the existen@ of a model and not in the labelling of its nodes.

De nition 1 (Automaton, run, accepted language.) A B#chi automaton
over k-ary treesis atuple (Q; ¢ ;1;F), whereQ isa nite setofstates,¢ pu Qk**
is the transition relation, I p Q is the set of initial states,and F p Q is the set
of nal states.

A looping automaton is a Béchi automaton where all states are accepting,
i.e. F = Q. For simplicity, it will be written (Q; ¢ ;1).

A run of an automaton A = (Q;¢;I;F) on a k-ary tree t is a labelled

a nal statein nitely often.
The languageacaceptad by A, L(A), is the set of all treest sud that there
existsan acceptingrun of A ont.

For the DL ALC [SS91],it is well-known that looping automata can be
usedto decide satis ability of a concept C: we de ne a looping automaton
Ac = (Q;¢;1), wherethe set of statesQ consistsof (propositionally expanded
and clash-free)sets of subformulas of C, and the transition relation ¢ ensures



that the successostatesof a state g cortain those conceptswhich are required
by the universaland existertial conceptsin g. Since# Q, the cardinality of Q, is
exponertial in the sizeof C and T (becausat is boundedby the number of sets
of subfornmulas of C and T) and the emptinesstest is linear [BT01, VW86] in
the cardinality of Q, this yields an ExpTime algorithm. This result is optimal
for ALC with generalTBoxes,but not for ALC with acyclic (or empty) TBoxes.

In the following, we will de ne this algorithm in detail. We assumethat
acyclic TBoxes are sets of conceptde nitions A; = C;, for conceptnamesA;
and conceptterms C;, wherethere is at most onede nition for a conceptname

that C; contains Aj;; for 1 - i < n and C, contains A;. In cortrast, genesl
TBoxes can additionally cortain general concept inclusion axioms (GCIs) of
the kind C; v D; for arbitrary conceptterms C; and D;. For the sake of
simplicity, we will assumethat all conceptsarein negation normal form (NNF),
i.e. negation appearsonly directly before conceptnames. All ALC concepts
can be transformed into NNF in linear time using de Morgan's laws and their
analoguesfor universal and existertial formulas. We will denotethe NNF of a
conceptC by nnf(C) and nnf(: C) by v C.

The data structures that will sene as models for ALC conceptsare Hin-
tikka trees a special kind of treeswhosenodesare labelled with propositionally
expandedand clash-freesetsof ALC concepts.

De nition 2 (Sub-concept, Hin tikk a set, Hin tikk a tree.) Let C be an
ALC conceptterm. The set of sub-oncepts of C, suC), is the minimal set
S which cortains C and has the following properties: if S cortains : A for a
conceptnameA, then A 2 S; if ScontainsDt E orDuE, thenfD;Egu S;
if S contains 9r:D or 8r:D, thenD 2 S.

For a TBox T, sul(C;T) is de ned as follows:

suC) | _[ (A[ suD)[ sudv D)) [ [ suv Ct D)

A=D2T CvD2T

A setH p suldC;T) is called a Hintikka set for C if the following three
conditionsare satised: f DuE 2 H,thenfD;Egu H;if Dt E 2 H, then
fD;Eg\ H 6 ;; thereis no conceptnameA with fA;: Agu H.

For a TBox T, a Hintikka set S is called T -ex@ndd if for every GCI C v
D2T,it holdsthat v Ct D 2 S, and for every conceptde nition A= C2 T,
it holdsthat if A2 SthenC 2 Sandif: A2 Sthenv C 2 S. Wewill referto
this technique of handling de nitions as lazy unfolding because,n cortrast to
GCls, we usethe de nition only if A or: A is explicitly presen in a node label.

For a conceptterm C and TBox T, x an ordering of the existertial concepts
in suC;T) andlet' :f9r:D 2 sulC;T)g! f1;:::;kg be the correspnding



for every existertial formula 9r:D 2 sudC;T), it holdsthat if 9r:D 2 S, then
S (or:p) cortains D and every conceptE; for which there is a universalformula
8r:E; 2 S.

A k-ary treet is called a Hintikka tree for C and T if, for every node n 2

k)) is C; T -compatible.

Note that in a Hintikka tree t, the k-th successobof a node n standsfor the
individual satisfying the k-th existertial formula D if D 2 t(n). We can use
Hintikk a treesto test the satis ability in ALC:

Lemma 3 An ALC conceptterm C is satis able w.r.t. aTBox T i®thereis a
C; T -compatible Hintikka tree t with C 2 t(").

Pro of sketch. The proof is similar to the onepresetted for ALC " in [LS00]
wherethe \if " direction is shavn by de ning a model (¢ ' ; ¢) from a Hintikka
tree in the following way:

9r:D 2 t(m)g;
2 for arole namer, r' := f(n;n ¢i)j9r:C 2 t(n) and' (9r:C) = ig;
2 for a conceptnameA, A! == fnjA 2 t(n)g;
2 the function ¢ is extendedto conceptterms in the natural way.

For our Hintikk a trees, we have to modify the denition of A' for concept
namesA in orderto dealwith TBoxes. ForaGCI C v D, it followsimmediately
from the de nition of T-expandedthat a node whoselabel cortains C also
cortains D. However, conceptde nitions needspecial considerationbecausedue
to the lazy unfolding of A = C, a node label might contain C but not A, thus
we have to modify the denition of A'. To this end, we de ne a hierarchy A on
conceptnamesin suc a way that if a conceptnameA appearsin the de nition
of B, then A A B. As the conceptde nitions are acyclic, this hierarchy is well-
founded. When we de ne the interpretation of conceptnames,we start with the
lowest onesin the hierardy, i.e. the primitiv e concepts,andde ne A' := fn 2
¢' j A 2t(n)g. Then we move gradually up in the hierarchy and de ne, for a
dened conceptB = C,B' =fn2¢'jB 2t(n)g] fn2¢' jn2 C'g. This
is well-de ned becausethe interpretation of all conceptnamesappearingin C
has already beende ned.

Our Hintikk a treesdi®erfrom thosein [LS00]in that, if an existertial formula
9r:D is not presen in a node n, we do not require that n ¢' (9r:D) is labelled
with ;. Howewer, it can still be shown that if a conceptterm C is cortained in



the label of a node n of the Hintikka tree, thenn 2 C', becausen the de nition
of the interpretation for the role names,we consideronly the successorghat will
satisfy the existertial restrictions of a node, and pay no attention to any other
possiblesuccessorsThe universalrestrictions are then immediately satis ed by
the de nition of C,T -compatible.

The \only-if " direction doesnot require signi cant modi cations, becaussf
there is a model for a conceptC and a TBox T, the node labels of the Hintikk a
tree constructed as in [LS0Q can easily be extendedto re°ect the constrairts
imposedby the TBox. n

With this result, we can use automata operating on Hintikka treesto test
for the existenceof models. As mertioned before,we can omit the labelling of
the tree, sincewe are only interestedin the existenceof a model and all relevant
information to answer this questionis kept in the transition relation.

De nition 4 (Automaton Ac.t.) For a concept C and a TBox T, let
k be the number of existertial formulas in suC;T). Then the loop-
ing automaton Ac.r = (Q;¢;l) is dened as follows: Q = fS p
sufC;T) | SisaT-expandedHintikkasety; ¢ = f(S;Sy;:::;Sk) |

Using Ac.t, we can reducethe satis ability problem for ALC to the (non-)
emptinessproblemof L (Ac.t). Sincetheseresultsare well known, they will not
be formally proved.

Theorem 5 The languageacceptedby the automaton Ac.t is empty i® C is
unsatis ablew.rt. T.

Corollary 6 Satis ability of ALC conceptsw.r.t. generalTBoxesis decidable
in ExpTime .

For generalTBoxes,this complexity boundis tight [Spa93, but in the special
caseof an empty or acyclic TBoxes,it canbeimprovedto PSpace. Usually, this
is proved using a tableau algorithm, but in the next sectionwe will shov how
the special properties of acyclic TBoxes can be usedto perform the emptiness
test of the automaton with logarithmic space.

3 Segmentable automata

In this sectionwe will shov how the spaceezciency for the construction and
the emptinesstest of the automaton can be improved under speci ¢ conditions.
The ideais to de ne a hierarchy of statesand ensurethat the level of the state
decreasewith ewery transition. In Section4 we will then shov how the role
depth of conceptscan be usedto de ne this hierarcy.



1: guessan initial stateq2 |

2. if thereis a transition from q then

3. guessatransition (q;y;:::;0k) 2 ¢
4: else

5.  return \empty"

6: end if

7. push (SQ (a;:::;0)); push (SN, 0)
8. while SNis not empty do

90 (i 0k) = pop (SQ

10 n:=pop(SN + 1

11 if n- kthen

12: push(SQ(ax;:::; &))

13: push(SNn)

14: if ¢, 2 Qg then

15: if thereis a transition from g, then
16: guessa transition (gn; ¢f;:::; Q)
17: else

18: return \empty"

19: end if

20: push(SQ(cf;:::; )

21: push(SN,0)

22: end if

23: end if

24: end while
25: return  \not empty"

Figure 1: Emptinesstest for segmetable automata

De nition 7 (Qo-looping, m-segmentable.) Let A = (Q;¢;l;F) be a
BiAchi automaton over k-ary treesand Qo 1 F. Wecall A Qp-looping if for every

An automaton A = (Q;¢;I;F) is called m-segmentableif there exists
a partition Qo; Qq;:::;Qm of Q sud that A is Qp-looping and, for ewvery
(i) 2 ¢, it hcgdsthat if g2 Qn theng 2 Q. for1 - i - Kk,
whereQ., denotesQo[ ~ %' Q).

Note that it follows immediately from this de nition that for every elemert
g of Qo there existsan in nite tree with g asroot which is acceptedby A. The

Our algorithm performing the emptinesstest for m-segmetable Béchi au-
tomata is shown in Figure 1. Essetially, we perform a depth- rst traversal of
arun. SinceA is m-segmetable, we do not have to go to a depth larger than
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Figure 2: state of SQ SNand the assaiated run, at aniteration of the algorithm

m. Moreover, sincethe di®erern branchesof the tree are independen, we only
have to keep one of them in memory at a time. Note that the construction
of the automaton is interleaved with the emptinesstest, so we also newer keep
the whole automaton in memory, but only the stateswhich are relevant for the
currernt branch.

In orderto remenber the badtracking information for the depth rst traver-
sal, we usetwo data structures: SQis a stadk storing, for every predecessoof
the current node, the transition which led to that node, and thusit cortains the
required node labels for the nodesof the current branch and their siblings. SN
is another stadk recordingthe current path by storing, for every level of the tree,
the number of the node on the current path. If we referto the elemens in SN

Figure 2 shows the values stored in ead of the stadks SQ and SN at the
beginning of an iteration, and their relation with the traversal of the run. The
circled nodesrepresen the path followed to read the node about to be cheded.
The valuesof the elemerts of the stadk are shavn next to the depth in the run
to which they correspnd. For this reason,the stads appear badkwards, with
their bottom elemen at the top of the gure, and vice versa

After starting the algorithm, we rst guessan initial transition. If we can

SN Then we enter the while loop. As long asthe stads are not empty, we take
the top elemens of both stadks. If n > k in line 11, this indicatesthat we have
cheded all nodeson this level, and we badtrack without pushinganything on
the stacks, which meansthat we will cortinue at the next upper level in the next
loop. Otherwise,we store the information that we have to ched our next sibling



by pushingthe sametuple of statesonto SQand the incremeried number n onto
SN If the current node belongsto Qg (line 14), we badtrack, which meansthat
we will cortinue with the next sibling. Otherwise, we try to guessa transition
from this node, and if we can nd one,we pushthe required node labels for the
children of the current node onto SQ and the value 0 onto SN (line 20), which
meansthat we will descendto the rst child of the current node in the next
loop.

Theorem 8 The emptiness problem of the language accepted by an m-
segmetable Béchi automaton A = (Q; ¢ ;1;F) over k-ary treescan be decided
by a non-deterministic algorithm using spaceO(log(# Q) ¢m ¢k).

Pro of. In orderto shov soundnessye will prove the claim\if the algorithm
processes node n or badktracks without descendingnto n, then thereis a run
r in which n is labelled with the samestate asin the algorithm™ by induction
over the iterations of the while loop. Initially , if the algorithm doesnot answer

If the algorithm hasreadhedanoden = not; ¢ : ;- without failing, it follows
by induction hypothesisthat ead of the previously visited nodes correspnds
to a node in r. Now there are two possibilities: rstly, if r(n) 2 Qq, then,
since A is Qp-looping, there exists a k-ary subtree rooted at n all of whose
states are accepting. Otherwise, sincethe algorithm doesnot answer \empty",

construction of a run.
In orderto shav completenessyve will prove the claim \if there existsa run,

induction over the structure of the run r. Sincethere is a run, we can guess
an initial transition, and the nodesof the rst level have the samelabelsin the
algorithm asin r. If we have readhed a node n which correspndsto the node
nin r with r(n) = q, there are again two possibilities: if q2 Qq, the algorithm
will badktrack and skip over all successonodes of n. Otherwise, sincer is a

thereforeit will not fail.

Regarding memory consumption, obsene that the SQ stack cortains, for
ewery level, k states, ead of which can be represeted using spacelogarithmic
in the number of states, e.g. by using binary coding. SinceA is m-segmeiable,
there can be at most m tuples beforethe current state g, belongsto Qg, thus
the size of SQ is bounded by log(# Q) ¢m ¢k. SN storesat most m numbers
betweenO and k, sothe algorithm usesspacelogarithmic in the sizeof A. n



The condition that an automaton A is m-segmetable is rather strong sinceit
requiresthe transition relation to reducethe classwith every possibletransition,
and thus e.g. the automaton Ac.t in De nition 4 cannot easily be proved to
be segmetable even if the TBox is empty. The reasonfor this is that Ac.t
does not require the Hintikka sets of the successostates to useonly a lower
quarti cation depth. Howewer, in order to test emptiness,we only needthe
existene of such a transition. This is the idea behind the generalisationin the
following de nition.

De nition 9 (W eakly- m-segmentable, reduced.) A B#chi automaton
A = (Q;¢;l;F) is called weakly-m-s@mentableif there exists a partition

Qo; Q1;:::;Qm of Q sudh that A is Qq-looping and for every q 2 Q there exists
afunction f4: Q! Q which satis esthe following conditions:
. if (q Ch;iiis ) 2 ¢, then (q fq(ql) ..... q(Q<)) 2 ¢, and if q2 Qn’ then
fq(a) 2 Q<n forall1- i- k;

S (s iiia) 2 ¢, then (Fo(d); fo(am)iiiiifa(a) 2 €.

If A = (Q;¢;l;F) is a weaklyim-segmetable automaton, then A", the
reduced automaton of A, is de ned as follows: A" = (Q;¢%1;F) with ¢°=

f(go;:::;qn)2¢ j ifq2 Q,theng 2 Q. forl- i- kg.

Note that the reducedautomaton A" is m-segmetable by de nition. Intu-
itiv ely, condition 1 ensuresthat that the classdecreasegor the rst transition,
and condition 2 ensuresthat there are still transitions for all nodesafter modi-
fying the node labelsaccordingto f .

We can transfer the complexity result from segmetable to weakly-
segmerable automata:

Theorem 10 Let A = (Q;¢;I;F) be a weaklyim-segmetable automaton.
Then L(A) is empty i® L(A") is empty.

Pro of. Sinceewery run of A" is alsoarun of A, L(A) canonly be empty if
L(A") is empty, thus the \only if" direction is obvious. For the \if " direction,
we will showv how to transform an acceptingrun r of A into an acceptingrun
s of A". To do this, we traverser breadth- rst, creating an intermediate run
R, which initially is equalto r. At every noden 2 f1;:::;kg", we replacethe
labels of the direct and indirect successorsf n with thelr respective f, values
(seeDe nition 9). More formally at node n, we replacef(p) with f,(f(p)) for
alp2fnce¢gjq2 fl;:::;kg"g, wherefor a setS, S* denotesS" nf"g. By
de nition 9, f is still a run after the replacemeth and all direct successor®f
n are in a lower classthan n (or Qg if A(N) 2 Qo). Note that the labels of
n's successorare not modi ed anymore after n has been processed. We can



thereforede ne s(n) asthe value of A(n) after n hasbeenprocessed As argued
before, s is a run in which every node is in a lower classthan its father node
(or both arein class0). Consequetly, all transitions usedin s belongto the
transition relation of A'. n

Corollary 11 The emptinessproblem for weaklyin-segmetable automata is
in NLogSp ace.

4 An application to ALC with acyclic TBo xes

In order to apply our framework to ALC with acyclic TBoxes, we will usethe
role depth to de ne the di®eren classes.The following de nition of role depth
considersconceptde nitions:

De nition 12 (Expanded role depth.) For an ALC concept C and an
acyclic TBox T, the ex@mnde role depth rdr (C) is inductively de ned as fol-
lows: for a primitive role name A, rdr(A) = 0; for a concept de nition
A=C,rdt(A) = rdr (C); rdr (: A) = rdr (A); rdr(DUE) =rd; (Dt E) =
maxf rdr (D); rdr (E)g; rdr (8r:D) = rdy (9r:D) = rdr (D) + 1. For a set of con-
ceptsS, rdr (S) is de ned asmaxfrdr (D) j D 2 Sg.

The setsuh, (C;T) isde nedasfD 2 sudC;T) jrdr (D) - maxfO;nj 1gg.

Again, note that rdr is well-de ned becauseT is acyclic.

The intuition behind using the role depth is that, for a node q in a Hintikka
tree, any concepthaving a higher role depth than q is super°uous in successors
of g and thus the tuple without theseformulasis alsoin the transition relation.

a C,T-compatible tuple, and n = rdr(S). Then (S;suh,(C;T)\ S,
i, suby, (C;T)\ S) is C,T-compatible, and for every m | 0, the tuple
(suby, (C;T)\ S; suby, (C;T)\ Sy, 17, suby, (C;T)\ Sy) is C, T -compatible.

Pro of. We needto shav that the conditions in De nition 2 are satis ed
for both tuples. In the caseof the rst tuple supposethat 9r:D 2 S. Then,
S (or:p) cortains D and every conceptE; for which there is a universalformula
8r:E;j 2 S. But sincerdr (D) < rdt(9:rD) - n andrdy (Ei) < rdT (8r:E;) - n,
it holdsthat sub., (C;T)\ S (orp) cortains D and ead of the E; concepts.

For the secondtuple, if 9r:D 2 sub, (C;T)\ S, then rd;(9r:D) < m and
D 2 S (orp). If additionally there is a conceptterm E; sud that the universal
formula 8r:E; 2 suby, (C;T)\ S, then againrdr (E;) < m and E; 2 S (g;p).
Hence,subyy, (C;T)\ S (r:p) cortains D and eat sud conceptE;. n



Theorem 14 Let C be an ALC concept, T an acyclic TBox and m =
maxtrdr (D) j D 2 su(C; T)g. Then Ac.t is weakly-m-segmetable.

Pro of. Wehaveto givethe segmemation of Q andthe functionsf ; and shav
that they satisfy the conditions in De nition 9. De ne the classedQ; := fS 2
Qjrdr(S)=ig0- i- mandfq(d® := o\ suk, (C;T), wheren = rdr (q) for
ewvery g;° 2 Q. By this denition, it is obvious that for every of, f4(c?) isin a
lower classthan q (or in Qg if g2 Q). Lemma 13 shows that conditions1 and
2 of De nition 9 are satis ed. It remainsto shav that Ac.t is Qo-looping. If

Although our algorithm in Figure 1 is non-deterministic, we can obtain a
deterministic complexity classby using Savitch's theorem [Sav70].

Corollary 15 Satis ability of ALC conceptswith respect to acyclic TBoxesis
in PSpace.

5 Conclusion

We have introduced segmetable and weakly-segmetable Béchi automata, two
classesf automata for which the emptinessproblem of the acceptedlanguage
is decidablein NLogSp ace, whereasin generalthe complexity class of this
problem for Béchi automata is P. The complexity bound is proved by testing
the possibility of a model on the °y using depth- rst seart. This generalises
previous results of on-the-°y emptinesstests for seweral modal and description
logics. As an example, we shoved how our framework can be usedto obtain
the PSpace upper complexity bound for ALC with acyclic TBoxesin an easy
way. We hope that this framework will make it easierto prove a PSpace upper
bound alsofor new logics.
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