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It is known that no algorithm can extract the minimal depleting Σ-module from ontolo-
gies in expressive description logics (DLs). Thus research has focused on algorithms
that approximate minimal depleting modules ‘from above’ by computing a depleting
module that is not necessarily minimal. The first contribution of this paper is an im-
plementation (AMEX) of such a depleting module extraction algorithm for expressive
acyclic DL ontologies that uses a QBF solver for checking conservative extensions rel-
ativised to singleton interpretations. To evaluate AMEX and other module extraction
algorithms we propose an algorithm approximating minimal depleting modules ‘from
below’ (which also uses a QBF solver). We present experiments based on NCI (the
National Cancer Institute Thesaurus) that indicate that our lower approximation often
coincides with (or is very close to) the upper approximation computed by AMEX, thus
proving for the first time that an approximation algorithm for minimal depleting mod-
ules can be almost optimal on a large ontology in a non-tractable DL.

We use standard notation from logic and description logic (DL), details can be found
in [1]. In a DL, concepts are constructed from countably infinite sets NC of concept
names and NR of role names using the concept constructors defined by the DL. A signa-
tureΣ is a finite subset of NC∪NR. TheΣ-reduct I|Σ of an interpretation I is obtained
from I by setting ∆I|Σ = ∆I , and XI|Σ = XI for all X ∈ Σ, and XI|Σ = ∅ for all
X 6∈ Σ. Let T1 and T2 be TBoxes andΣ a signature. Then T1 and T2 areΣ-inseparable,
in symbols T1 ≡Σ T2, if {I|Σ | I |= T1} = {I|Σ | I |= T2}.

Definition 1. Let M ⊆ T be TBoxes and Σ a signature. Then M is a depleting Σ-
module of T if T \M ≡Σ∪sig(M) ∅.

Every depleting moduleM of T is inseparable from T for its signature and, in partic-
ular, T ≡Σ M. It follows from results in [10] that T |= ϕ iffM |= ϕ holds for any
second-order sentence ϕ using symbols from Σ only. Thus, a TBox and its depleting
Σ-module can be equivalently replaced by each not only in applications using entailed
CIs between Σ-concepts but also in data access applications with data given in Σ. For
further discussion of the properties of depleting modules see [3, 10].

Approximating Depleting Modules While the inseparability-based notion of a mod-
ule has its theoretic appeal, unfortunately, checking if a subsetM of T is a depleting
Σ-module of T for some given signature Σ is undecidable already for general TBoxes
formulated in EL and for acyclicALC-TBoxes [10, 13]. Therefore, we introduce lower
and upper approximations of depleting Σ-modules.

Assume that T1 and T2 are TBoxes and Σ a signature. Then T1 and T2 are 1-Σ-
inseparable, in symbols T1 ≡1

Σ T2, if {I|Σ | ]∆I = 1 and I |= T1} = {I|Σ |
]∆I = 1 and I |= T2}. If T1 and T2 are Σ-inseparable, then they are 1-Σ-inseparable.
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NCI?

100 3834.21 722.21 710.65 671.68 10 3887.17 972.68 960.44 960.39 3 3915.18 1013.23 1000.79 1000.70 4
250 5310.96 1721.28 1705.71 1705.61 4 5452.52 1882.65 1870.87 1870.83 4 5539.39 1924.77 1912.95 1912.89 5
500 6977.33 2725.74 2700.00 2699.96 2 7186.09 2933.90 2919.23 2919.15 3 7237.22 2987.75 2977.62 2977.58 2
750 8235.36 3573.97 3542.57 3542.49 2 8437.07 3801.24 3786.05 3786.01 2 8579.98 3902.12 3892.36 3892.26 4

1000 9273.62 4341.25 4305.41 4305.38 1 9525.81 4570.55 4553.91 4553.81 4 9542.00 4621.42 4612.19 4606.46 3
NCI? (v)

100 58.74 69.53 58.74 58.74 0 291.91 326.68 291.91 291.89 2 345.01 357.58 345.01 344.89 5
250 330.79 386.45 330.79 330.78 1 652.09 716.64 652.09 652.09 0 775.00 808.03 775.00 775.00 0
500 852.14 1007.20 852.14 852.14 0 1173.34 1274.27 1173.34 1173.34 0 1387.67 1444.68 1387.67 1387.67 0
750 1352.47 1571.46 1352.47 1352.47 0 1681.12 1816.79 1681.12 1681.12 0 1935.47 2009.62 1935.47 1935.47 0

1000 1788.02 2046.62 1788.02 1788.02 0 2152.83 2315.19 2152.83 2152.83 0 2434.06 2519.63 2434.06 2434.06 0
NCI? (≡)

100 2760.96 310.25 310.25 309.21 122 2759.11 319.08 319.11 318.23 114 2782.54 318.79 318.79 317.73 130
250 3989.74 622.65 622.63 621.89 110 4000.93 623.38 623.25 622.50 104 3973.78 624.51 624.23 623.47 102
500 4994.77 1003.76 1003.75 1002.95 108 4983.10 1002.14 1002.04 1001.32 101 4986.77 999.87 999.87 999.08 101
750 5539.78 1310.33 1310.31 1309.38 124 5531.60 1313.51 1311.54 1310.67 90 5525.28 1307.71 1307.71 1306.85 106

1000 5886.91 1573.06 1573.14 1572.11 122 5901.34 1577.34 1572.14 1571.10 102 5903.37 1576.95 1571.18 1570.08 103

Table 1. Modules of NCI? and its fragments

Definition 2. Let M ⊆ T be TBoxes and Σ a signature. Then M is a 1-depleting
Σ-module of T if T \M ≡1

Σ∪sig(M) ∅.

In contrast toΣ-inseparability which is undecidable, 1-Σ-inseparability can be decided
by reduction to the validity of quantified Boolean formulas (QBF). By definition, every
depleting Σ-module of T is a 1-depleting Σ-module of T , so 1-depleting Σ-modules
are a good candidate for approximating depleting modules from below.

Theorem 1. Given anALCQI-TBox T and signatureΣ, the unique minimal 1-deplet-
ing Σ-module of T can be computed in polynomial time with each call to a QBF solver
treated as a constant time oracle call.

Our upper approximation of depletingΣ-modules is also based on 1-Σ-inseparability
but uses an additional syntactic dependency check to ensure that a depleting module is
extracted. Let T be an acyclic TBox and Σ a signature. We say that T has a direct
Σ-dependency if there exists {A,X} ⊆ Σ with A ≺+

T X , where ≺+
T is the transitive

closure of the relation≺T ⊆ NC×(NC∪NR) defined by settingA ≺T X iff there exists
an axiom of the form A v C or A ≡ C in T such that X occurs in C. Although one
can construct TBoxes T and depleting Σ-modulesM of T such that T \M contains
directΣ∪sig(M)-dependencies (see [10]), for typical depletingΣ-modulesM, the set
T \M should not contain directΣ∪ sig(M)-dependencies because such dependencies
indicate a semantic link between two distinct symbols in Σ ∪ sig(M).

Theorem 2. Given an acyclic ALCQI TBox T and signature Σ, the unique minimal
depleting Σ-module s.t. T \ M contains no direct Σ ∪ sig(M)-dependencies can be
computed in polynomial time with each call to the QBF solver being treated as a con-
stant time oracle call.



Experiments and Evaluation To evaluate how close depleting module extraction al-
gorithms can approximate minimal depleting modules we compared

– our new system AMEX, in which the inseparability check is implemented by re-
duction to the validity of QBF and uses the QBF solver sKizzo [2];

– >⊥∗ locality-based module extraction [3, 15] as implemented in the OWL-API li-
brary version 3.2.4.1806 (called STAR-modules for ease of pronunciation);

– a hybrid approach in which one iterates AMEX and STAR-module extraction. This
results in a depleting module contained in both the AMEX and the STAR-module;

– the algorithm computing the minimal 1-depleting module. The inseparability check
was again implemented using the reduction to the validity of QBF and uses sKizzo.

We used fragments of the NCI Thesaurus version 08.09d taken from the Bioportal [20].
The results given in Table 1 show the average sizes of the modules extracted by the four
algorithms from the set of CIs NCI?(v), the set of CEs NCI?(≡) and the union of both
NCI? over 200 random signatures for each signature size combination of 100 to 1000
concept names and 0%, 50%, and 100% of role names. In addition, in each case we give
the number of signatures (out of 200) in which there is a difference between the hybrid
module and the minimal 1-depleting module. It can be seen that

– in NCI? and NCI?(v) the hybrid module almost always coincides with the minimal
1-depleting module (and therefore with the minimal depleting module).

– in NCI?(≡), in 50% of all cases the hybrid module coincides with the minimal
1-depleting module. On average the minimal 1-depleting module is less than 0.3%
smaller than the hybrid module.

– in all three TBoxes, hybrid modules are only slightly smaller than AMEX-modules.
– in NCI?(≡), AMEX-modules are significantly smaller than STAR-modules.
– in NCI?(v), STAR-modules are slightly smaller than AMEX modules.
– in NCI?, AMEX-modules are still significantly smaller than STAR-modules, but

less so than in NCI?(≡).
In the full version of the paper [5] we also apply the hybrid approach and the lower
approximation to the full NCI Thesaurus version 08.09d, which additionally contains
role inclusions, domain and range restrictions, and disjointness axioms. The results are
very similar to the results for NCI?: hybrid modules are on average significantly smaller
than STAR modules and are often identical to the minimal 1-depleting module.

Conclusion We have shown that for the NCI Thesaurus one can compute efficiently
depleting modules that are consistently very close to the minimal depleting modules
and often coincide with the latter. The experiments also show that for TBoxes with
many axioms of the form A ≡ C, AMEX-modules can be significantly smaller than
STAR-modules and that a hybrid approach can lead to significantly smaller modules
than ‘pure’ STAR-modules.

This is only the first step towards a novel systematic evaluation of the quality of
upper approximations of modules using lower approximations. It would be of great
interest to compute lower approximations for a more comprehensive set of cyclic on-
tologies and compare them with the upper approximations given by STAR-modules and
by the hybrid approach. It is also interesting to investigate n-depleting modules (based
on inseparability for interpretations of size at most n) with n > 1. These modules can
still be extracted by using QBF solvers and the same algorithm; the cost is much higher,
though, since the length of the encoding into a QBF is exponential in n.
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